In the present work, a method for the study of the structural deformations of two dimensional planar structures under uniaxial strain is presented. The method is based on molecular mechanics using the original stick and spiral model and a modified one which includes second nearest neighbor interactions for bond stretching. As we show, the method allows an accurate prediction of the structural deformations of any two dimensional planar structure as a function of strain, along any strain direction in the elastic regime, if structural deformations are known along specific strain directions, which are used to calculate the stick and spiral model parameters. Our method can be generalized including other strain conditions and not only uniaxial strain. We apply this method to graphene and we test its validity, using results obtained from ab initio Density Functional Theory calculations. What we find is that the original stick and spiral model is not appropriate to describe accurately the structural deformations of graphene in the elastic regime. However, the introduction of second nearest neighbor interactions provides a very accurate description.
I. INTRODUCTION
Undoubtedly, graphene is one of the most studied materials in recent years. This is due to its exotic properties, like for instance its high carrier mobility 1 and high thermal conductivity [2] [3] [4] at room temperature, its high strength 5, 6 , etc, which makes graphene one of the most interesting materials for future nanoelectronic and nanomechanic applications. Following graphene, several two dimensional (2D) materials have also gained interest, exhibiting interesting mechanical [7] [8] [9] [10] [11] [12] [13] [14] and electronic properties. The world of 2D materials that have been brought to the center of attention recently 15, 16 includes several transition metal dichalcogenides 10, 17 , (like for instance MoS 2 or WS 2 ), hexagonal BN (h-BN) 8, 9, 18, 19 24 etc. In this work, we present a method for the study of the mechanical response, of these materials, e.g. bond stretching and angle bending deformations, in the presence of uniaxial tensile strain, providing analytic expressions for these deformations along any strain direction. Our method can be generalized including any other strain condition (i.e. not only uniaxial strain) and is based on molecular mechanics assuming two different versions of the so called stick and spiral model 38 , which has been employed previously for the study of the mechanical properties of Carbon nanotubes [39] [40] [41] [42] [43] [44] .
As an example, we apply our method to graphene, providing analytic expressions for bond length and bond angle deformations under tensile strain. We test the accuracy of these expressions using results we obtain from ab-initio density functional theory (DFT) calculations. In particular, we calculate the structural deformations of graphene under tensile strain along the high symmetry arm chair and zig-zag directions, as well as two other randomly selected directions, which are perpendicular to each other. According to our findings, the original stick and spiral model is not sufficient to provide an accurate description of the mechanical deformations of graphene under tensile strain in the elastic regime, since the DFT results can not be reproduced accurately by the analytic expressions provided by that model. However, due to the coupling between the bond stretching and angle bending terms, which is inherently included in the modified stick and spiral model, this modified model provides a quite accurate description. Moreover, fitting these analytic expressions to the DFT results we calculate the force constants for bond stretching and angle bond bending for graphene, thus allowing the prediction of the mechanical response of graphene in the elastic regime for strain on any direction.
II. THE DEFORMATION ENERGY
In molecular mechanics approach the deformation energy U is a sum of energy contributions from different deformation modes 38 . In particular, U is written as
where U s , U b , U ω , U τ , U vdw and U e correspond to the energy contributions from bond stretching, bond angle bending, bond inversion, bond angle torsion, Van der Walls interactions and electrostatic interactions, respectively. Since tensile strain in a 2D planar structure is in-plane strain, the terms U ω and U τ vanish. Moreover, since there are no interactions between different sheets of those 2D structures, the terms U vdw and U e also vanish. Thus, the deformation energy becomes
U s and U b may be expressed in several different ways (see for instance Refs. [45] [46] [47] . However, the simplest way is to be expressed as a sum of harmonic terms constituting the so-called stick and spiral model. According to the stick and spiral model, the deformation energy per unit cell is written as a sum of energy contributions from each bond length and bond angle deformation. Each of these contributions has a quadratic dependence on the corresponding deformation, i.e. it is either of the form (1/2)k s δl 2 (for bond stretching), or (1/2)k b δφ 2 ij (for bond-angle bending), where k s and k b are the corresponding force constants, and δl and δφ the bond length and bond-angle deformations for each specific bond and bond angle, respectively. Thus, the deformation energy per unit cell is
where i counts all the bonds inside the unit cell and j counts the bonds which form bond angles with bond i. The 1/2 factor of the second sum is to avoid double counting of the bonds. In the description provided by the stick and spiral model, bond stretching and bond angle bending are not coupled. The energy provided by Eq. (3) does not have any terms mixing these deformations. In addition, as we will see later, in the minimization of the deformation energy under constant strain these deformations remain decoupled. More specifically, one arrives at two independent systems of analytic equations one for stretching and one for bending. A more accurate description would include a coupling term between these deformations. This can be achieved by introducing extra terms describing the stretching of second nearest neighbor interatomic distances. In the present work, we study both cases.
For a planar structure with three-fold coordinated atoms, there are three bonds and three bond angles per atom (see Fig. 1(a) ). If we label i, j 1 and j 2 the bonds of atom A and i, j 3 and j 4 those of atom B, (the two atoms share the bond i), then the index j of Eq. (3) takes the values j 1 , j 2 , j 3 and j 4 . Moreover, since the structure is planar, and all atoms remain in the plane under tensile strain
where φ ij1 , φ ij2 , φ j1j2 are the bond angles of atom A and φ ij3 , φ ij4 , φ j3j4 the bond angles of atom B. Consequently,
In the present work we study structures with only 3-fold coordinated atoms, since this is the most common case. However, the generalization of our method to structures with n-fold coordinated atoms, with n = 3, is obvious. Due to symmetry reasons (if any), several bonds length deformations (as well as bond angle deformations) may be equivalent with each other under specific strain conditions. In that case, U can be written as a function of only the independent bond length and bond angle deformations per unit cell, and Eq. (3) can be rewritten as
where n i is the number of equivalent bond length deformations of type i and m ij the number of equivalent bond angle deformations formed by the bonds which have independent bond length deformations of type i and j. i runs over the independent bond deformations only. Under uniaxial strain, the deformation energy and the corresponding deformations δl i and δφ ij at the strained equilibrium can be found from the minimization of the deformation energy subject to constrains describing the strain condition. These constraints can be incorporated using the Lagrange multipliers technique. For constant uniaxial tensile strain ε there is only one constraint described by ε = δL/L 0 , where L 0 is a length along the strain direction and δL the elongation of L 0 upon that strain, which should be expressed as a function of the independent variables δl i and δφ ij . Thus, the function which should be minimized becomes
with λ the corresponding Lagrange multiplier. Obviously, for different strain conditions, different constrains will apply, which can be incorporated in Eq. (7) using the corresponding Lagrange multipliers. Thus, our method can be easily generalized to describe the structural deformations of a 2D planar structure, not only under uniaxial strain, but under any strain condition. In order to minimize Λ in Eq. (7), with respect to the bond stretching and angle bending deformations, one needs to express δL in terms of these deformations. A. δL as a function of bond deformations
Without loss of generality, we may assume that the structure is periodic. A non-periodic (i.e. amorphous) structure could be considered as periodic with infinite periodicity. For convenience, let us assume that the unit cell vectors for ε = 0 are a 0 = a 0î and b 0 = b x0î + b y0ĵ , as shown in Fig. 2 . Let us apply tensile strain by stretching the structure along the line connecting two equivalent atoms in different unit cells. The vector connecting those two atoms, (which determine the strain direction), is L 0 = na 0 + mb 0 , where n and m are integers. Under the applied strain the vector L 0 will be deformed to L, so that the vectors L and L 0 are parallel, i.e. L 0 will be just elongated. The unit cell vectors a 0 and b 0 will be also deformed to a and b, respectively, so that
If L 0 and L = L 0 + δL are the lengths of the vectors L 0 and L, respectively, andε is the unit vector directed along the strain direction (i.e.ε = (na
depend on the projections of a, and b (a 0 and b 0 ) on the strain direction.
The vectors a 0 and b 0 can be expressed as a sum of bond vectors r 0ai and r 0bi , respectively, (i = 1, 2, 3, ...), which correspond to specific bonds of the undeformed structure, constituting a crooked line connecting the tails of a 0 and b 0 with their heads, i.e. a 0 = i r 0ai and b 0 = i r 0bi . Thus, if the bond vectors r 0ai and r 0bi are deformed under strain into r ai and r bi , respectively, then a = i r ai and b = i r bi . This is shown schematically in Fig. 2 , where the sum of the red colored vectors, (denoted as r ai , i = 1, 2, 3, ...), constitute a, while the sum of the green colored vectors, (denoted as r bi , i = 1, 2, 3, ...), constitute b. Obviously, the corresponding sums of the projections of r ai and r bi along the strain direction equals the projection of a and b, respectively, along the same direction. These projections of r ai and r bi are shown as black arrows in Fig. 2 , and should be considered as positive or negative. Thus,
i.e. δL can be expressed as a function of the differences of the projections of the r 0ai , r ai and the r 0bi , r bi vectors, along the strain direction. We should note that, although the vectors, a, b, a 0 , b 0 are not uniquely expressed in terms of bond vectors, the sums of the projections are unique and one could always choose optimal paths (e.g. of minimal length) of bond vectors. Let us now see how the differences of those projections depend on the bond deformations.
B. The strain constrain
Let us assume that strain along a specific direction is applied to a bond, as shown in Fig. 1(b) . For convenience we have assumed that the strain direction coincides with the x-axis direction. Let us further assume that at equilibrium for ε = 0, the bond length and the angle between the bond and the strain direction are l 0 and θ 0 , and under strain they become θ 0 +δθ and l 0 +δl, respectively. If the projections of the bond along and normal to the strain direction for ε = 0 are x 0 and y 0 , respectively, and under strain they are x 0 + δx and y 0 + δy, respectively, then x 0 = l 0 cos θ 0 , y 0 = l 0 sin θ 0 , x 0 +δx = (l 0 +δl) cos(θ 0 +δθ) and y 0 + δy = (l 0 + δl) sin(θ 0 + δθ).
Thus the projection of the bond deformation along the strain direction is δx ≈ δl cos θ 0 − l 0 sin θ 0 δθ (9) and the projection normal to the strain direction is
According to Eq. (9), the projection δx of the deformation of r 0ai along the strain directionε is
where l 0ai = |r 0ai |, θ 0ai is the angle between r a0i and the strain direction (i.e. cos θ 0ai =εr 0ai /l 0ai ), and δl ai and δθ ai are the deformations of l 0ai and θ 0ai , respectively. Changing the index "a" with "b", we get the corresponding relation for r 0bi . Consequently,
As a function of the projections of independently deformed bonds, this equation is written as
where here index i is the same as in Eq. (6), (i.e. it runs over the bond vectors of the independently deformed bonds) and q i is the number of the bond vectors r 0a and r 0b with equivalent deformations, which contribute to the sums in Eq. (8) . Obviously, if r i does not contribute to the sums in Eq. (8), then q i = 0, and if −r i contributes to the sums in (8) instead of r i , then the angle θ 0i of the above equation should be replaced by θ 0i + π, which changes the sign of both cos θ 0i and sin θ 0i . This sign change can be absorbed in q i , and therefore, the constrain of our case has the form
As one can see, the deformation energy in Eq. (6) is expressed as a function of the deformations δl i and δφ ij , while the constrain in Eq. (14) is expressed as a function of δl i and δθ i . As we show in the Sec. A,
and therefore, the function Λ in Eq. (7), which has to be minimized, can be rewritten as
where by {δl i } and {δθ i } we denote all the δl i and δθ i independent variables, respectively, (i.e. {δl i } = δl 1 , δl 2 , . . . and {δθ i } = δθ 1 , δθ 2 , . . .), and therefore Λ becomes a function of only δl i , δθ i and λ.
It is worth noting that the projection of δL = L − L 0 normal to the strain direction should be zero, i.e. (according to Eq. (10))
As we will see, minimizing Λ in (16) we will be able to calculate the differences of δθ i for the same atom, (i.e. the bond angle deformations δφ ij ), but not the deformations δθ i themselves, which give the direction of the bonds with respect to the strain direction. However, using (17) and the results of the minimization in (16), the deformations δθ i can be also determined and we can have a complete figure for the deformations of the structure.
III. MINIMIZATION OF Λ({δli}, {δθij }, λ)
The steady state of Λ occurs at the specific δl i and δθ i values for which ∂Λ/∂δl i = 0 and
δl i appears only in one term of U , namely in (1/2)k s,i δl 2 i . Consequently, from ∂Λ/∂δl i = 0 we obtain
On the other hand, δθ i appears in 4 terms of U (see Fig. 1 
2 for the angles δφ ij1 and δφ ij2 of atom A, and
2 for the angles δφ ij3 and δφ ij4 of atom B. From ∂Λ/∂δθ i = 0 we obtain the linear system 1 2 (19) into (14), we obtain an equation for λ. Solving this equation with respect to λ, we obtain λ as a function of the strain ε and the strain angle θ 0 .
As we show in the Section B,
where U min is the minimum of U subject to the constrain ε = δL/L 0 . Thus, if λ is determined, then U min can also be determined. Eq. (21) gives a physical meaning in the Lagrange multiplier λ and minimizes the effort to find a convenient expression for U min as a function of k s,i and k b,ij for strain ε.
IV. INCLUDING SECOND NEAREST NEIGHBOR STRETCHING TERMS
As we can see from Eqs. (19) and (20), the original stick and spiral model, expressed utilizing (6), does not provide any coupling between δl i and δφ ij . However, as already mentioned, including energy terms which describe stretching from second nearest neighbor interactions, we obtain a more accurate model, since it provides coupling between δl i and δφ ij .
Let us assume that atoms B and C are second nearest neighbors, forming bonds i and j, respectively, with atom A. If r 0i and r 0j are the bond vectors of bonds i and j, at equilibrium for ε = 0, then, depending on the orientation of r 0i and r 0j , the interatomic distance r 0ij between atoms B and C is either the magnitude of the vector r 0j −r 0i (if both heads or tails of r 0i and r 0j are at the position of atom A), or the vector r 0j + r 0i (if the tail of the one and the head of the other are at the position of atom A).
If the interatomic distance r 0ij is deformed upon strain by δr ij , then the deformation energy per unit cell U is
where U 1 is the deformation energy of the original stick and spiral model in Eq. (6) and U 2 describes the contribution due to stretching deformations of second nearest neighbor interatomic distances. The factor 1/2 in the second term of Eq. (22) is inserted to avoid double counting, the notation i and j is the same as in (6) and p ij is the number of the equivalent second nearest neighbor interatomic distances in the unit cell with a δr ij deformation. Obviously, p ij = m ij , because each specific bond angle φ ij corresponds to a specific second nearest neighbor interatomic distance r ij . Consequently, for the atomic arrangement shown in Fig. 1(a) , Eqs. (19) and (20) should be replaced by 
which have to be solved. As we show in the Sec. C,
and
The upper signs, (wherever ± and ∓ appear), occur when r i and r j have their tails (or their heads) at the position of the same atom and the lower signs, when the tail of the one and the head of the other are at the position of the same atom, as explained in Sec. C. Obviously, if k s,ij = 0, then U 2 = 0 and the modified stick and spiral model reduces to the original one. Thus, we can treat both models by solving the system of Eqs. (23) and (24) of the modified model. Then, by setting k s,ij = 0 in these solutions, we directly get the solutions of (19) and (20) of the original model. This is the subject of the next section specified for graphene.
V. APPLICATION TO GRAPHENE
Bellow, as well as in the appendices, whenever the indices
A. The energy Fig. 3 shows the unit cell of graphene, which is defined by the lattice vectors a = (
, where a 0 is the bond length of graphene. In this figure, A and B are the 2 atoms of the lattice base. As one can see, there are 3 bonds per unit cell, which can be deformed independently, corresponding to the bond vectors r 1 , r 2 and r 3 of atom A, or the bond vectors r 4 = r 1 , r 5 = r 2 and r 6 = r 3 of atom B. Consequently, in Eqs. (6) and (22), n i = 1 (i = 1, 2, 3). Moreover, as one can see in Fig. 3 , there are six bond angles (with respect to the strain direction) θ i per unit cell. Three of them correspond to atom A and three to atom B. Since the bond vectors of atom A and B are the same, the angles θ i corresponding to the bonds of atom A are the same with those corresponding to atom B. Consequently, only three of those six angles can be considered as independently deformed, and m ij = 2. Moreover, due to symmetry reasons,
Thus, the energy per unit cell in the original stick and spiral model (according to Eq. (6)) is
where k
. In the unit cell of graphene shown in Fig. 3 , there are six second nearest neighbor interatomic distances, namely r 12 , r 23 , r 31 , r 45 , r 56 and r 64 , where r 45 = r 12 , r 56 = r 23 and r 64 = r 31 . Consequently, there are only three second nearest neighbor interatomic distances, which can be deformed independently and U 2 in Eq. (22) is
where δr ij are given by (25) , and therefore, the energy per atom U in the modified model is U = U 1 + U 2 .
B. The strain constrain
As a function of the independently deformed bond vectors r i , the unit cell vectors a and b can be written as a = r 3 − r 2 and b = r 3 − r 1 .
Thus, if L 0 = na + mb defines the strain direction, then L 0 = (n + m)r 3 − nr 2 − mr 1 , and consequently the q i s in (14) are q 3 = n + m, q 2 = −n and q 1 = −m. As we show in the Sec. D,
where
and consequently, (as shown in the same Appendix), the strain constraint of Eq. (14) takes the form
sin 2θ 0j (δθ j − δθ i ), (33) while (17) becomes
respectively, where i = 1, or 2, or 3.
C. Solving for the deformations δli and δθi
As we show in the Sec. (E), Eqs. (23) and (24) give
The solution of these equations, (as shown in the same appendix), is of the form
where ξ 
Thus,
Using Eq. (H13), (44) gives
Obviously, Eq. (39) leads to 9ξ 1 + 12ξ 2 + 2ξ 3 = 4 and δθ i = −(ξ 3 sin 2θ 0i )ε. (49) The former shows that ξ 1 , ξ 2 and ξ 3 are not independent. Moreover, according to the relations between φ ij and θ i shown in Sec. A, the relations between the φ ij and θ i angles of graphene, shown in Fig. 3 are
(50) Thus, the bond angle deformations δφ ij are
Due to the symmetry of the unit cell, the results we find for strain angle θ 0 , will be the same for strain angles nπ/3 ± θ 0 , n = 0, 1, 2, 3, 4, 5. Thus, without loss of generality, we may assume that 0 ≤ θ 0 ≤ π/6.
D. Energy, Young's modulus and Poisson's ratio
According to Eq. (21), the deformation energy per unit cell is U = λε/2. For graphene, λ is given by (41) , and consequently,
As for the Young's modulus E, it is easy to show that E = 2U/(V ε 2 ), where V is the volume of the unit cell (V = 3 √ 3a 2 0 d 0 /2) and d 0 is the hypothetical depth of the graphene layer, which is assumed to be equal to the graphite interlayer separation (d 0 = 3.34Å), in order to direct compare the Young's modulus values of two dimensional (2D) carbon structures with the known values for three dimensional (3D) systems, like graphite 5 . Thus, for the above expression for A,
Moreover, in Sec. F we show that the Poisson's ratio ν is
which for the ξ 1 , ξ 2 and ξ 3 expressions of (45), (46) and (47) becomes
As one can see from the above expressions, U , E and ν are independent of the strain angle θ 0 , and consequently, graphene is isotropic.
E. Relations between
As we show in the Sec. G,
F. The original stick and spiral model
The corresponding results for the original stick and spiral model (i.e. not including second nearest neighbor interactions for stretching) can be obtained by setting k s2 = 0. Thus, the solution of Eqs. (19) and (20) have again the form of (42), with λ i and µ ij given again by Eqs. (43) and (44), but now
The first of the Eqs. (49) becomes 9ξ 1 +2ξ 3 = 4, while the second remains the same. The energy and the Young's modulus are again given by (52) and (54), respectively, but now and the Poisson's ratio is
Moreover, the relations between k s1 and k 
VI. FORCE CONSTANTS FROM DFT RESULTS AND DISCUSSION

A. Details of our DFT calculations
For our DFT calculations we used the Quantum Espresso 48 code at the level of GGA/PBE functional 49 and adopted an ultra-soft pseudopotential for Carbon 50, 51 . The two unit cells are shown in Fig. 5 . For the rectangular unit cell of Fig. 5(a) we used a 12×12 k-point mesh, while for the unit cell of Fig. 5 (b) a 12×6 (12 along the small real space direction). In addition, we used cut-offs 50 and 500 Ryd for the wave functions and charge density, respectively, and occupation smearing of 5 mRyd. As in Ref. 5 , for non zero uniaxial strain, the unit cells were extended in the strain direction while all the atoms in the cell as well as the vertical cell dimension were fully relaxed.
B. Results
As a first step, we want to calculate the parameters λ i and µ ij , which depend on the strain direction, as well as A, which is independent. To calculate the λ i and µ ij values, we fit the deformations δl i and δφ ij in the strain range [−0.05, 0.05] to a quadratic form, considering that the coefficient of the linear term represent the corresponding 3a 0 λ i and µ ij values in Eq. (42), respectively. For the calculation of A, we fit the corresponding energy per atom values to a fourth order polynomial, considering that (3a 0 ) 2 A is the coefficient of the quadratic term.
Although in real world, graphene sheet bends for negative strains, computationally it is possible to perform calculations for negative strains without bending of the structure. Fitting a curve to the deformations δl i , δφ ij and U for both negative and the positive strain values, we expect a better estimation of λ i , µ ij and A values, than using an extrapolation of δl i , δφ ij and U at ε = 0, which can be obtained from a fitting of the deformation values of δl i , δφ ij and U for positive strain values only.
Using the DFT method presented above, we calculated the deformations δl i and δφ ij , i, j = 1, 2, 3, and the deformation energy per atom U , for uniaxial strain along Table I , while the corresponding A values are shown in the legends of Fig. 6 . Although A was expected to be independent of the strain direction, the values of A shown in Fig. 6 does not seem to agree with this prediction. However, this discrepancy is due to numerical errors introduced from the different unit cells used. The total energy per atom difference between the equilibrium graphene geometries at ε = 0 obtained using the two unit cells of Fig. 5 is 2.3× 10 −4 eV/atom. As one can show, this difference is enough to produce such a discrepancy in A, (i.e. of the order of 10 −3 eV/Å 2 ). It is worth noting, however, that the difference between the two A values, corresponding to the two perpendicular strain directions of the same unit cell, is of the order of 10 −4 eV/Å 2 . For our calculations we will adopt the value A = 3.046 eV/Å 2 , which corresponds to an average of the obtained values.
The second step is to calculate the values of ξ 1 , ξ 2 and ξ 3 using the λ i and µ ij values of Table I and Eqs. (43) and (44) . According to these equations, ξ 1 , ξ 2 and ξ 3 can be obtained using a linear fitting of the λ i values as a function of cos Knowing the k s1 , k s2 and k ′ b values, we have the ability to predict any mechanical property related to the inplane deformations of graphene and not only E and ν. For instance, the corresponding biaxial isotropic modulus E B = σ/ε, where σ = σ xx = σ yy and ε = ε xx = ε yy , is
Using (28) and (29), it is easy to show that for biaxial isotropic strain A ′ = k s1 /6 + k s2 . Thus, for graphene, E B = 2459 GPa. A different calculation using the relation U = kδl
2)A, yields E B = 2408 GPa. As one can see, the two results are very close to each other.
Obviously, the term U 2 corresponding to the stretching of the second nearest neighbor interatomic distances is the less important energy contribution, but it is not a term that can be ignored. If this term is ignored, (which is equivalent to set k s2 = 0 or ξ 2 = 0), the energy model reduces to the original stick and spiral model, which, according to (19) , predicts that any bond which is perpendicular to the strain direction remains undeformed. This, however, is in contrast to what we find from our DFT calculations for the l 3 bond length under uniaxial strain along the zig-zag direction. Just for comparison, we also calculate the corresponding ξ 1 , ξ 3 , k s1 and k Table I as a function of cos 2 θ 0i yelds ξ 1 = 0.275981. In Fig. 7(b) we show the prediction error δλ i (i.e. the difference between the λ i provided by the fitting equations of λ i as a function of cos 2 θ 0i and the corresponding λ i values of Table I for the original and the modified stick and spiral model. As we can see, the error for the modified sick and spiral model is between ±0.001, while the error for the original model is almost double, ranging between -0.0025 and 0.0017. The values of k s1 and k 
VII. CONCLUSIONS
In summary, we present a method for the study of the equilibrium deformations of 2D planar materials under uniaxial strain. The method is based on the stick and spiral model including angle bending energy terms and either only 1st nearest neighbors bond stretching terms (case 1) or both 1st and 2nd nearest neighbors terms (case 2). The method can be generalized to describe structural deformations not only under uniaxial strain, but also under any strain conditions. We present analytic expressions/equations for the structure deformations under strain, namely the equilibrium angle bending and bond stretching deformations for both case 1 (equations (19) and (20)) and case 2 (equations (23) and (24)). We then focus on graphene in order to assess the applicability of our method for which we perform DFT calculations for several values of strain in 4 different directions. We find that the original stick and spiral model (case 1) decouples the equations yielding δl i from those yielding δθ i and for graphene, it predicts that the vertical to the strain bonds are not modified. This is in contrast with the DFT results. The inclusion of 2nd nearest neighbors stretching terms (case 2) results in the coupling of δl i and δθ i , improves the model significantly and brings the results in close agreement with DFT. Our method provides a simple and solid method to study the structural deformations of Graphene in the case of uniaxial strain on any direction in the elastic regime. The elastic properties of graphene under strain are very accurately reproduced by our method. Although this first application concerns graphene, our method can be applied to any 2D planar material and it would be interesting to assess its accuracy on different structures and materials like Graphene planar allotropes, h-BN, Si 3 B, Si 2 BN, CdS, etc.
Let us define, for each atom of the unit cell, a local anti-clockwise frame of coordinates with its origin at the position of that atom and its x-axis along the strain direction, as shown in Fig. 1(c) . Let us denote as r 1 , r 2 and r 3 the three bond vectors, which have their tail on atom i and by θ 1 , θ 2 and θ 3 the corresponding angles between these bond vectors with the strain direction, respectively, as shown in Fig. 1(c) .
Obviously, r i r j = r i r j cos φ ij , where φ ij is the angle formed by the bonds i and j, and r i = r i cos θ iî +r i sin θ iĵ , i = 1, 2, 3. Thus, the dot product r i r j can be written as r i r j = (r i cos θ iî + r i sin θ iĵ )(r j cos θ jî + r j sin θ jĵ ) = r i r j cos(θ j − θ i ),
and consequently,
If φ 0ij , θ 0i and θ 0j are the values of the corresponding φ ij , θ i and θ j angles at equilibrium for ε = 0, then using a first order Taylor expansion around these values, Eq. (A2) yields
where φ ij = φ 0ij + δφ ij , θ i = θ 0i + δθ i and θ j = θ 0j + δθ j are the corresponding angles at ε = 0. Thus, the derivative of δφ ij with respect to δθ i is
Imposing that 0 < φ ij ≤ π, (A2) gives
If θ i s, i = 1, 2, 3 are defined inside the same unit circle (e.g. 0 ≤ θ i < 2π or −π < θ i ≤ π), then −2π < θ i − θ j < 2π. However, according to (A5), θ i − θ j is out of the range (−2π, 2π), for k = 0 or 1, and therefore only k = 0 and k = 1 should be considered. Consequently, (i) for k = 0 (or 0 < |θ i − θ j | ≤ π, according to (A5)), φ ij = |θ i − θ j | and (ii) for k = 1 (or π ≤ |θ i − θ j | < 2π, according to (A5)), φ ij = 2π − |θ i − θ j |. Thus, for any case, δφ ij = ±(δθ i − δθ j ), which leads to (15) . If r i s, i = 1, 2, 3, have their tail at the position of an atom A, then they have their head at the position of the atoms which form bonds with atom A. Assume B is such an atom, which forms a bond with another atom C (different than A), and r 1 and r 4 are the bond vectors corresponding to the bonds A-B and B-C, respectively. There are two options for the direction of r 4 : either its head is on the position of atom B and its tail on the position of atom C, or the opposite. In the former case, the relations between the bond angle φ ij and the bond angle θ i with respect to the strain direction are the same with those presented above, since r 1 r 4 = r 1 r 4 cos φ 14 . However, in the later case, r 1 r 4 = r 1 r 4 cos ω 14 , where the bond angle φ 14 is φ 14 = π − ω 14 . Thus, for this case, the relations presented above will be valid if φ ij is replaced by π − φ ij . Thus, (A2), should be replaced by
Obviously, therefore, for this case, δφ ij is also δφ ij = ±(δθ i − δθ j ) and consequently, (15) is also valid. For δl i = δl * i and δθ i = δθ * i , the strain ε is ε = δL({δl * i }, {δθ * i })/L 0 and U is minimized subject to the constrain ε = δL/L 0 . Thus, if U min is the minimum of U subject to the constrain ε = δL/L 0 , then U min = U ({δl * i }, {δθ * i }) and (according to (14) ),
According to (19) and (20), for the minimized Λ, δl * i and δθ * i depend linearly on λ * , and therefore, according to (14) , λ * should depend linearly on ε. Thus, δl * i = δl * i (ε) and δθ * i = δθ * i (ε), and consequently, U min = U min (ε). On the other hand, U min is quadratically dependent on δl * i and δθ * i , and consequently U min should depend quadratically on ε. Therefore we can write U min (ε) = Kε 2 , where K = K({k si }, {k bij }). Obviously, ∂Λ({δl i }, {δθ i }, λ; ε)/∂ε = λ, and consequently, dΛ min /dε = dΛ({δl * i }, {δθ * i }, λ * ; ε)/dε = λ * . Since, Λ min = U min , we have dΛ min /dε = dU min /dε = 2Kε. Thus, 2Kε = λ * , which leads to (21) .
Appendix C: δrij as a function of bond length and bond angle deformations Let us assume that atoms A, B and C belong to the same planar 2D structure and atom A forms bonds with atoms B and C. Let us also assume that r 0i and r 0j are the bond vectors corresponding to the bonds A-B and A-C at equilibrium for ε = 0, having both their tails (or their heads) at the position of atom A. Then the interatomic distance r 0ij between atoms B and C is the length of the vector r 0ij = r 0j − r 0i , for which
where l 0i and l 0j are the lengths of r 0i and r 0j , respectively, and φ 0ij the bond angle between bonds A-B and A-C. If at the equilibrium state under strain, l 0i , l 0j , r 0ij and φ 0ij are deformed to l i = l 0i + δl i , l j = l 0j + δl j , r ij = r 0ij + δr ij and φ ij = φ 0ij + δφ ij , respectively, then
For δr ij << r 0ij , r 2 ij ≈ r 2 0ij + 2r 0ij δr ij , and consequently, (C2) leads to
Therefore, δr ij is a function of the deformations of δl i , δl j , δθ i and δθ j , (see Sec. A).
The derivatives of δr ij with respect to δl i and δθ i are
Using (A2), (A3) and (A4) the above equations give
However, if the head of r i and the tail of r j (or vice versa) are at the position of atom A, then we have to use (A6), (A7) and (A8) instead of (A2), (A3) and (A4) (see Sec. A), and thus, (C3), (C4) and (C5) give
Commuting i with j in (C4), (C5), (C7), (C8), (C10) and (C11), we obtain the corresponding relations for ∂δr ij /∂δθ j and ∂δr ij /∂δl j .
Appendix D: Derivation of Eqs. (31), (33) and (34) If L 0 = na + mb defines the strain direction, then
, and consequently, cos θ 0 = 3(n + m)a 0 /(2L 0 ) and sin θ 0 = √ 3(n − m)a 0 /(2L 0 ), where θ 0 is the angle of the strain direction with respect to the x-axis. Solving these two equations with respect to n and m, we ob-
, and consequently, n+ m = 2L 0 /(3a 0 ) cos θ 0 = 2L 0 /(3a 0 ) cos θ 03 , which lead to (31) . In Sec. H we present useful relations between the trigonometric functions of these angles, which will be used here.
Bearing in mind that in graphene l 01 = l 02 = l 03 = a 0 , and using (31), (14) becomes
Using (H2) for k = 2 of Sec. H, the above equation leads to Eq. (33). Moreover, (17) becomes
which leads to (34) . In the last step of the above equation we used (H3) of the Sec. H.
Appendix E: Derivation of Eqs. (35), (36) , (37) , (38) and (39) As we can see in Fig. 3 , the tails of the bond vectors r 1 , r 2 and r 3 are at the position of atom A, while the heads of the bond vectors r 4 , r 5 and r 6 are at the position of atom B. Therefore, to apply (25) , (26) and (27) to (23) and (24), we have to use the upper signs among ± and ∓. Moreover, l 0i = a 0 , r 0ij = √ 3a 0 , cos(θ 0j ′ − θ 0i ′ ) = cos(2π/3) = −1/2 and sin(θ 0j ′ − θ 0i ′ ) = sin(2π/3) = √ 3/2. Consequently, (25) , (26) and (27) yield
which leads to (35) , and (24) gives
which leads to (36) . Summing up the three equations (35) (2, 3, 1) and (3, 1, 2)), and using (H3) we obtain
Subtracting by parts equations (36) (two at a time) leads to
The solution of the system of (E4) and (E5) are (37) and (38) . Using the expressions of (37) and (38) for δl i and δθ j − δθ i , and (H2), (H3), (H4), (H9) and (H11), (33) and (34) 
respectively, leading to (39).
Appendix F: Poisson's ratio
In order to find the Poisson's Ratio ν, (ν = −ε ⊥ /ε), we need to find the transverse strain ε ⊥ = δL ⊥ /L ⊥0 , where L ⊥0 is a length of the material perpendicular to the strain direction and δL ⊥ its deformation upon tensile strain ε. If L ⊥0 = t a a + t b b is a lattice vector, which is perpendicular to the vector L 0 = na + mb, which defines the strain direction, then L ⊥0 L 0 = 0 ⇒ (t a a + t b b)(na + mb) = 0 ⇒ t a n(3a For convenience we may select t a and t b to be t a = 2m+n and t b = −(2n + m). Using (30) , L ⊥0 becomes L ⊥0 = (m − n)r 1 + (2n + m)r 2 − (2m + n)r 3 . The projection of the deformation of a bond vector normal to the strain direction is given by (10) . Thus, the deformation δL ⊥ of L ⊥0 is
q ⊥i (δl i sin θ 0i + a 0 cos θ 0i δθ i ),
where q ⊥1 = m − n = 2L 0 /(3a 0 )(cos θ 03 − cos θ 02 ), q ⊥2 = 2n + m = (n + m) + n = 2L 0 /(3a 0 )(cos θ 01 − cos θ 03 ) and q ⊥3 = −(2m + n) = −m − (n + m) = 2L 0 /(3a 0 )(cos θ 02 − cos θ 01 ). Using (H14) we have
and consequently (using (42), (43), (49) and (H4))
sin 2 θ 0i 3a 0 (ξ 1 cos 2 θ 0i + ξ 2 ) +a 0 sin θ 0i cos θ 0i (−ξ 3 sin 2θ 0i )] ε
The magnitude L ⊥0 of the vector L ⊥0 is L ⊥0 = |(2m + n)a − (2n + m)b| = | − q ⊥3 a − q ⊥2 b| Thus,
which leads to (55).
Appendix G: Derivation of Eqs. (57), (58), (59), (60) The first of (57) can be directly obtained if we divide by parts (45) and (47) . Using that equation, (46) becomes
(47) can also be written as
Dividing (G1) and (G2) by parts we obtain
Using the first of (49), this equation leads to the second of (57). From the expression K 0 = k 2 s1 + 9k s1 k s2 + 18(k s1 + 3k s2 )k ′ b , it is obvious that the expression k s1 k s2 +2(2k s1 + 3k s2 )k 
Solving this equation with respect to k s1 we get (58). Using the expression in (58) for k s1 and (57), the derivation of (59) and (60) is obvious.
